Given a surface S and an integer r ≥ 1, there is a variety Xr−1 parametrizing all clusters of r proper and infinitely near points of S (see [17] ). We study the geometry of the varieties Xr, showing that for every Enriques diagram D of r vertices the subset Cl(D) ⊂ Xr−1 of the clusters with Enriques diagram D is locally closed. We study also the relative positions of the subvarieties Cl(D), showing that they do not form a stratification and giving criteria for adjacencies between them.
Introduction
In the 1970's S. Kleiman introduced the method of iteration in multiple-point theory for the study of maps f : X −→ Y between algebraic varieties. The basics of this method are set in [18] (see also [17] and [19] ), where the derived varieties X r and maps X r −→ X r−1 , r ∈ Z ≥0 are defined using blowing-ups in a recursive way. The varieties X r are thought of as parametrizing sets of points of X, possibly infinitely near, whose image under f is a single point.
If Y = Spec k and f : X −→ Y is a smooth morphism, then the iterated blowing-ups parametrize ordered clusters of points of X. This was implicit in Kleiman's work, and proved or used afterwards by others in various settings (see [12] , [21] , [6] ).
Similarly to the varieties X r , other varieties can be defined to parametrize unibranched clusters [21] or ordered unions of unibranched clusters [5] . In these papers Z. Ran and S. Colley respectively compute fundamental classes of the involved varieties as well, and use them to enumerate united and stationary multiple points of maps respectively. Similar work for cases with three points was done by J. Roberts in [22] . The paper [21] contains also information on the relation between varieties of clusters and the Hilbert scheme of zero-dimensional subschemes of S; other works dealing with this relation are [3] , [16] , and [8] .
Here we study the geometry of the varieties of clusters of points on a surface, and some subvarieties in them corresponding to clusters with given Enriques diagrams (the combinatorial data of proximities between points of a cluster K are encoded by means of Enriques diagrams; two clusters have the same Enriques diagram if and only if their points satisfy the same proximity relations). The varieties for unibranched clusters used by Z. Ran and S. Colley arise as particular cases of such subvarieties.
The paper is organized as follows. In section 1 we review definitions and basic facts on clusters, Enriques diagrams and varieties of clusters. In section 2 we study the subvarieties of X r determined by Enriques diagrams; given an ordered Enriques diagram D of r vertices, we denote Cl (D) ⊂ X r−1 the set of all clusters whose Enriques diagram is D. In Propositions 2.2 and 2.4 we prove that Cl (D) is locally closed in X r−1 .
Next we consider the relative positions of the varieties Cl (D); in particular, given two ordered Enriques diagrams D and D ′ we are interested in giving combinatorial criteria to decide whether Cl (D ′ ) ⊂ Cl (D) or not. Lemma 2.3 gives a necessary condition, and in the remains of section 2 we study under which conditions it is also a sufficient condition. In section 3 we show that the varieties Cl (D) do not form a stratification, i.e. it is not true that Cl (D ′ ) ∩ Cl (D) = ∅ implies Cl (D ′ ) ⊂ Cl (D). In section 4 we study families of blown-up surfaces, using the universal property of X r−1 of [12] together with results of the previous sections. Concretely, in Proposition 4.2 we prove that for every proper and smooth morphism ψ : X → T , whose fibres are blowing-ups of clusters of r points of S, and every t ∈ T , there exist anétale neighborhood V of t and an open dense subset U of V where the Enriques diagram of the blown-up cluster is constant, and a relation between this constant Enriques diagram and that of the cluster blown up in X t . This gives a sort of "semicontinuity" of the Enriques diagram. Finally, in section 5 we study subvarieties of X r−1 , defined by fixing the position of some points of the cluster in different ways.
Apart from their own interest, results of this paper can be applied to the study of linear systems (see [24] , [26] , [13] , [25] , [14] ), of maps from X r to the Hilbert scheme of fat points of S (see [26] ), or adjacencies of equisingularity types ( [2] ). We also expect that they will have applications to enumerative geometry, extending results of [21] , [5] , [20] .
Preliminaries
Let k be an algebraically closed field and let S be a smooth irreducible projective surface, defined over k. We begin by reviewing some well-known facts dealing with clusters of points of S, referring to the book [4] for proofs and more on the subject.
Given a point p of S, we denote the blowing-up of p on S by π p : S p −→ S. The exceptional divisor E p of π p is called the first (infinitesimal) neighbourhood of p (on S) and its points are the points in the first neighbourhood of p. If i > 0, one defines by induction the points in the i-th neighbourhood of p as the points in the first neighbourhood of some point in the (i − 1)-th neighbourhood. The points which are in the i-th neighbourhood of p for some i > 0, are also called points infinitely near to p. Sometimes the points in S will be called proper points in order to distinguish them from the infinitely near ones.
Let p, q be two points in S, proper or infinitely near. We will say that p precedes q, p < q, if and only if q is infinitely near to p. We will write p ≤ q if q is equal or infinitely near to p. The relation ≤ is a partial ordering of the set of all points, proper and infinitely near, called the natural ordering. A cluster of points of a surface S is a finite set of points K proper or infinitely near in S, such that, for each point p ∈ K, K contains all points to which p is infinitely near. We denote S K the surface obtained by blowing up all points in K, and π K : S K −→ S the composition of the blowing-ups. An admissible ordering of a cluster K is a total ordering of the points of K, refining the natural ordering, and an ordered cluster is a cluster together with an admissible ordering. Equivalently, an ordered cluster may be defined as a sequence of points (p 1 , p 2 , . . . , p r ) such that p 1 is a proper point of S, S 1 is its blowing-up, and for i > 1, p i is a point on S i−1 and S i is its blowing-up. We denote p i (K) the i-th point of an ordered cluster K.
Note that a point p infinitely near to q ∈ S is a proper point on a well determined smooth surface S(p), obtained from S by blowing up all the (finitely many) points preceding q. If C is a curve on S, letC be the strict transform of C in S(p). We say that p belongs to C (as an infinitely near point) if and only if it belongs toC, and we write mult p (C) = mult p (C). Let p, q be a pair of proper or infinitely near points in S. The point q is said to be proximate to p if and only if p < q and q belongs, as a proper or infinitely near point, to the exceptional divisor of blowing up p. We shall write p ≺ q to mean that q is proximate to p.
A proper point of S is proximate to no other point. An infinitely near point p is always proximate to its immediate predecessorp, and to at most another point q, which must satisfy q ≺p [4, 5.3 ]. An infinitely near point proximate to two points is called a satellite point; all other points (including proper points) are called free.
Given a point p of a cluster K, let E p be the exceptional divisor of blowing up p, on the surface S p obtained from S by blowing up p and all points preceding it. Blowing up the remaining points gives a morphism π : S K −→ S p , and we may consider the total transformĒ p and the strict transformẼ p of E p under the composition of the blowing-ups. We usually denote the total transform as E p =Ē p , if this does not lead to confusion.
The set of points of a cluster K, equipped with the proximity relation, has an abstract combinatorial structure, which Enriques encoded in a convenient diagram, now called the Enriques diagram of the cluster (see [7, IV.I], [4] ). It will be convenient for us to give a formal definition of Enriques diagrams along the lines of the one given by Kleiman and Piene in [20] (see also [9] ):
A tree is a finite directed graph, without loops; it has a single initial vertex, or root, and every other vertex has a unique immediate predecessor. If p is the immediate predecessor of the vertex q, we say that q is a successor of p. An Enriques diagram is a finite union of trees with a binary relation between vertices, called proximity, which satisfies:
1. The roots are proximate to no vertex.
2. Every vertex that is not a root is proximate to its immediate predecessor.
3. No vertex is proximate to more than two vertices. 4 . If a vertex q is proximate to two vertices then one of them is the immediate predecessor of q, and it is proximate to the other.
5. Given two vertices p, q with q proximate to p, there is at most one vertex proximate to both of them.
The vertices which are proximate to two points are called satellite, the other vertices are called free. We usually denote the set of vertices of an Enriques diagram D with the same letter D. We shall consider two trees with the same number of vertices and satisfying the same proximity relations to be the same Enriques diagram.
To show graphically the proximity relation, Enriques diagrams are drawn according to the following rules:
1. If q is a free successor of p then the edge going from p to q is smooth and curved and, if p is not a root, it has at p the same tangent as the edge joining p to its predecessor.
2. The sequence of edges connecting a maximal succession of vertices proximate to the same vertex p are shaped into a line segment, orthogonal to the edge joining p to the first vertex of the sequence. It is clear how to associate to each cluster K its Enriques diagram D: it has a vertex for each point of K, and its vertices satisfy the same proximity relations as the corresponding points of K. In particular, the proper points of K correspond to the roots of D. The converse statement is also true, namely, given an Enriques diagram D, there exist clusters of points of S whose diagram is D (this is implicit in [20] ).
A tree, and therefore an Enriques diagram, comes with a natural ordering ≤. The natural ordering of vertices in the Enriques diagram of a cluster K corresponds exactly to the natural ordering of the points of K. As in the case of clusters, an admissible ordering for an Enriques diagram D is a total ordering refining the natural ordering, and an ordered Enriques diagram D is an Enriques diagram equipped with an admissible ordering. We denote p i (D) the i-th vertex of D.
Let K = (p 1 , p 2 , . . . , p r ) be an ordered cluster. The proximity matrix P of K is the square r × r matrix whose entry in the i-th row and j-th column is
otherwise.
Remark 1.1. The proximity matrix of an ordered cluster depends only on the ordering and the proximities satisfied by its points. Therefore, all clusters with the same Enriques diagram have the same proximity matrix, and we speak of the proximity matrix of an ordered Enriques diagram. Moreover, two ordered Enriques diagrams are equal if and only if they have the same proximity matrix.
It is well known that Pic
Note that (E 1 , E 2 , . . . , E r ) and (Ẽ 1 ,Ẽ 2 , . . . ,Ẽ r ) are two different bases of the Z-module r i=1 ZE i . In fact, the invertible matrix P is the matrix of base change between the two:
(see [4, 4.4] Proof. All irreducible components of D and D ′ are amongẼ 1 ,Ẽ 2 , . . . ,Ẽ r , and because of (1), we have
As D and D ′ are effective, no coefficients in the vectors P −1 m, P −1 m ′ are negative, so it is clear that D and D ′ have common components if and only if the product
is nonzero (and hence positive) as claimed.
We shall be concerned with families of smooth surfaces and relative divisors on them. For our purposes, a family of surfaces is a smooth morphism of relative dimension 2,
where T is a variety defined over the algebraically closed field k. T is called the parameter space of the family, and the fibers of ψ, which are smooth surfaces, are the members of the family. For every point t ∈ T , the fiber over t will be denoted, as customary, S t = S × T {t}. As a set, S t = ψ −1 (t). If T ′ → T is an arbitrary morphism, then by base change we obtain a new family of surfaces; we shall usually denote S T ′ = S × T T ′ , and the new family will be
A relative divisor on the family S → T is a Cartier divisor on S which meets properly every member of the family. Our interest here is focused in families of surfaces obtained by blowing up families of points or families of clusters in surfaces or families of surfaces. Let us now recall the construction of families of blowing-ups, which Kleiman developed in all generality in [18] , in the particular case we are dealing with.
Let ψ : S → T be a family of surfaces, with T a smooth variety, and let i : Y ֒→ S be a closed embedding. Consider the fiber product S Y = S × T Y and the diagonal morphism ∆ := i× T Id Y : Y −→ S Y . ∆ is a smooth embedding over ψ Y (see [11, 17. 
. As ∆ is a smooth embedding over ψ Y , it follows that ψ ′ is smooth of relative dimension 2 (cf. [11, 19.4] ), so it is a family of smooth surfaces. We call BF(S, Y, T ) 
Proof. Follows from [18, 2.4] , as ∆(Y ) is obviously a local complete intersection, flat over Y .
Let now S be a smooth irreducible projective algebraic surface. Iterating the process of blowing-up families it is possible to define varieties parametrizing the clusters with r points of S, as follows. Take X −1 = Spec k, X 0 = S, ψ 0 : S → Spec k, and define recursively X i , ψ i as the blowing-up family
The morphism ψ i is in this case projective, so its fibers are projective smooth surfaces. For every i, the variety X i is irreducible and smooth of dimension 2i + 2. The construction of X i gives also morphisms X i → X i−1 whose restrictions to the fibers of ψ i are, by Proposition 1.4, the blowing-ups of the points of the fibers of ψ i−1 ; we denote these morphisms π i : X i → X i−1 . To simplify notations, let us put
the blown up surface containing x. Recall that for any cluster K, π K : S K → S is the composition of the blowing-ups of the points in K.
The following proposition makes the set of all ordered clusters with r points into an algebraic variety. 
the point of X r−1 corresponding to a cluster to the point of X i−1 corresponding to the cluster of its first i points.
It is interesting to note that the existence of a bijection K follows from [12, I.2], thanks to the obvious bijection {ordered blowing-ups at r points} −→ {ordered clusters of r points}
However, the proof we are now going to give has the advantadge of being more explicit, and we also obtain properties 1, 2 and 3 of the isomorphisms η x , which will be very useful for our study of X r . Notice also that the ordering of points in clusters is essential in Proposition 1.5. Using unordered clusters would give rise to a non-injective K.
Proof. First of all we define the map K. Given x = x r ∈ X r−1 , consider the points
shows that there are unique isomorphisms
xr−1 (x r )) is a cluster and η xr is the claimed isomorphism (i.e., properties 1, 2 and 3 are satisfied).
It remains to be seen that K is bijective. Let K 0 = (p 1 , p 2 , . . . , p r ) be a cluster with r points. We have
, and iterating the process r times,
So we have η pr−1 (p r ) ∈ X r−1 , and it is clear that K(η pr−1 (p r )) = K 0 , so we have seen that the map K is onto.
To see that K is injective, we will use induction on r. For r = 1, the claim is obvious. For r > 1, suppose
, by the definition of K, and we have isomorphisms
Both clusters being equal, their last point must be the same, that is,
On the other hand, the induction hypothesis says that
Fixing the Enriques diagram
From now on we identify the set of ordered clusters with r points to the variety X r−1 , and denote the points of The proximity relations which are encoded in the Enriques diagram of a cluster express the belonging of some points of the cluster to exceptional divisors of previously blown-up points. To deal with Cl (D), it will be necessary to have some knowledge of the families formed by these divisors in the family of the blown-up surfaces. Call F i the pullback by π r,i in X r of the exceptional divisor of the i-th blowing up,
It follows from Proposition 1.4 that, for any K = (p 1 , p 2 , . . . , p r ) ∈ X r−1 , the restriction of F i to S K ⊂ X r is the pullback E i of the exceptional divisor of blowing up p i . Therefore, every F i is an effective relative divisor over X r−1 , and moreover it is irreducible (if the restriction of an effective relative divisor to some member of the family is irreducible, and the base of the family is irreducible, then the relative divisor is irreducible also).
Given an ordered Enriques diagram D, let P be its proximity matrix. Recall that E i denotes the strict transform in S K of the exceptional divisor of blowing up p i , and a cluster K has Enriques diagram D if and only if (Ẽ 1 ,Ẽ 2 , . . . ,Ẽ r ) = (E 1 , E 2 , . . . , E r )P in S K . For any cluster K with r points, we define the virtual exceptional divisors in S K relative to the Enriques diagram D to be
The first step toward the construction of Cl (D) is to consider the set Eff (D) of all clusters K for which the virtual exceptional divisors E 
Define divisors F
D i on X r as (F D 1 , F D 2 , . . . , F D r ) = (F 1 , F 2 , . . . , F r )P.D i to any surface S K ⊂ X r is exactly E D i . In other words, F D i,K = E D i , or (O Xr (F D i )) K = O SK (E D i ). So Eff (D) can be described as Eff (D) = {K ∈ X r−1 | h 0 (S K , (O Xr (F D i )) K ) > 0} (h 0 (S K , O SK (E D i )) > 01. K ∈ Eff (D). 2. Eff (D ′ ) ⊂ Eff (D).
All entries in the matrix
Proof. By definition of the proximity matrices we have To see the equivalence with 2, it will be enough to prove that 3 implies 2, because clearly 2 implies 1. So assume that all entries in the matrix P ′ −1 P are non negative, and let K ′ be a cluster in Eff (D ′ ); we have to see that
are linear combinations with positive coefficients of the divisors E D ′ i , which are effective (but may be reducible!) because K ∈ Eff (D ′ ), so they are effective and
. Let i be the least index of a vertex in which the two diagrams differ, i.e., the proximities satisfied by the vertices p j (D) and p j (D ′ ) are the same for j < i, but not for j = i. This means that there is j < i with either
Proposition 2.4. Cl (D) is a nonempty open subset of Eff (D).
Proof. By definition, Cl (D) is nonempty. Lemma 2.3 implies that
Remark that the union is finite, because there are just a finite number of Enriques diagrams with r vertices. The variety Eff (D) being closed for all D, we can conclude that Cl (D) is a nonempty open subset of Eff (D).
Proposition 2.4 shows that the variety X r−1 decomposes as a disjoint union of locally closed subsets corresponding to all possible Enriques diagrams with r points:
It is interesting to note that, as it will be proved in section 3, this decomposition is not a stratification, i.e., it is not true that
. We have shown that Eff (D) is closed in X r using the semicontinuity theorem. One can also give a more explicit inductive construction. If D is the diagram consisting of a single point, then Eff (D) = X 0 = S. If D has more than one vertex, letD be the Enriques diagram obtained from D by dropping the last vertex, and for any K, let K be the cluster obtained from K by dropping the last point. Consider the family of surfaces
Its fibers are exactly the SK which have ED i effective, i = 1, . . . , r − 1.
Recall from Proposition 1.5 that the point of X r−1 to which we identify the cluster K is exactly p r (K) ∈ SK ⊂ X r−1 ; we also have
be the blowing-up of the last point, p r (K). Then, by its definition,
AssumingK ∈ Eff (D), these divisors will be effective if and only if
This allows us to describe Eff (D) precisely: we have in fact proved
is effective for i = 1, 2, . . . , r − 1 and 
is smooth because it comes from ψ r−1 : X r−1 → X r−2 by base change, and has irreducible fibers (the fibers are single points if the last point of D is satellite, open sets of P 1 if it is free, and open sets of S if it is a root). The irreducibility and smoothness of Cl (D) then follow from those of Cl (D), which we obtain from the induction hypothesis; adding up the dimension of the fibers to dim Cl (D) = dimD we obtain also the claimed dimension of Cl (D).
At this point we introduce the notion of specialization of Enriques diagrams. We are interested in the incidence relations between the varieties corresponding to different Enriques diagrams. To be precise, we would like to know the closure Cl (D) of Cl (D) in X r−1 , and in particular to know for which couples of diagrams D, D ′ there is an inclusion Cl (D ′ ) ⊂ Cl (D). We will henceforth say that the ordered Enriques diagram
. After 2.3, it is easy to see that specialization is an order relation on the set of Enriques diagrams with r vertices, for each r > 0. It is not a total order, as shown by example 2.8 below.
Lemma 2.7. Let D, D
′ be two ordered Enriques diagrams whose proximity matrices are P and P ′ respectively, and assume D D ′ . Then P ′ −1 P has no negative entries.
Proof. Eff (D) being closed (2.2) and Cl
. Now 2.3 gives the claim.
Example 2.8. Consider the two ordered Enriques diagrams of figure 1, and let their proximity matrices be P and P ′ . It is immediate to see that both P ′ −1 P and P −1 P ′ have negative entries, so lemma 2.7 proves that neither of them is a specialization of the other.
Lemma 2.9. Every irreducible component of the variety Eff (D) has the form Cl
(D ′ ) for some Enriques diagram D ′ such that Eff (D ′ ) ⊂ Eff (D). Moreover,
one of the components of Eff (D) is Cl (D).
Proof. Because of 2.3, and the closedness of Eff (D), we have
Since the varieties Cl (D ′ ) are irreducible, and the union is finite, every irreducible com-
one of these components must be Cl (D); otherwise we would have
Eff (D) is not always irreducible nor even equidimensional: it may happen that some
However, in many relevant cases we shall show an equality Cl (D) = Eff (D), which by 2.9 is equivalent to the irreducibility of Eff (D). 
For every Enriques diagram
D ′ = D such that Eff (D ′ ) ⊂ Eff (D), dim D ′ < dim D.
D ′ = D such that P ′ −1 P has no negative entries, dim D ′ < dim D.
For every cluster K ∈ Eff (D) with Enriques diagram
D ′ = D, dim D ′ < dim D.
Cl (D) = Eff (D).

Eff (D) is irreducible.
An ordered Enriques diagram satisfying one (and therefore all) of the preceding conditions will be called a prime Enriques diagram. Remark that if D is prime thenD is prime also, by condition 5, for example. 
To 
Prime Enriques diagrams
We also see from the second example that virtual exceptional divisors with multiple components easily give rise to components common to several other virtual divisors, so they can cause non-primality of Enriques diagrams too.
Proposition 2.15. Let D be an ordered Enriques diagram D with r vertices. Suppose that for some i, D i is prime, and no vertex p j (D), j > i, is a satellite. Then D is prime.
Proof. By induction on r − i. For r = i there is nothing to prove. For r > i we can assume (induction hypothesis) thatD is prime. Let
The hypothesis on D says that p r (D) is no satellite, so remark 2.12 says 2. We only have to discard the possibility that two such divisors meet in more than one point, or in a divisor with more than one connected component. Since we know that each divisor is connected, both possibilities would imply that the total exceptional divisor in S K of a point of S is not simply connected, and it is known that this is not possible (see [4, 4.4] , for example). 
Proposition 2.16. Let D be an Enriques diagram and K ∈ Eff (D) a cluster whose Enriques diagram is
D ′ = D. Consider the (effective) divisors E D i ⊂ S K , i = 1, 2, . . . , r. 1. E D i is connected for all i.
For i = j, the intersection E
is extremal among the vertices proximate to p j (D), k > j, then it easily follows by induction on k − j that E We introduce now invariants of pairs of diagrams D, D ′ satisfying Eff (D ′ ) ⊂ Eff (D), which will help us to give new sufficient conditions for D to be prime. Let P and P ′ be the proximity matrices of D and D ′ respectively, and let 
and
A cluster K (resp. an Enriques diagram D) is unibranched if it has only one root and no two points of K (resp. vertices of D) have the same immediate predecessor (i.e. there is at most one point of K in the first neighbourhood of each point of K). It is poliunibranched if it is the union of finitely many unibranched clusters (resp. diagrams). Unibranched clusters are also called bamboo clusters in the literature.
Remark 2.18.
A unibranched cluster or Enriques diagram has only one admissible ordering, in which each point or vertex but the root is in the first neighbourhood of the previous one. A cluster or Enriques diagram which is not unibranched has always more than one admissible ordering; for poli-unibranched clusters and diagrams we shall (2.19) use orderings mimicking the behaviour of unibranched ones: an ordered poliunibranched cluster or Enriques diagram will be for us an ordered cluster or Enriques diagram in which each point or vertex but the roots is in the first neighbourhood or is a successor of the previous one.
Proposition 2.19. If D is a poli-unibranched ordered Enriques diagram (i.e. for all i, p i (D) is either a root or proximate to p i−1 (D)) then D is prime. In particular, all unibranched Enriques diagrams are prime.
To prove Proposition 2.19 we will need the following lemma: 
For every
Proof. By induction on r − i. For r = i there is nothing to prove. For r > i, letD and D ′ be the diagrams obtained from D and D ′ , respectively, by dropping the last point. Let K be a cluster in Cl (D ′ ), andK ∈ Cl (D ′ ) the cluster obtained by dropping its last point. We distinguish two cases, depending on whether p r (D) is satellite or free and proximate to p i (D).
If p r (D) is satellite, then by equations (2.5)
. By part 4 of the induction hypothesis we obtain that ED j and ED k meet transversely in a single point; this point must be p r (K), which is therefore a satellite, so p r (D ′ ) is a satellite too. Denoting by π the blowing up of p r (K), the virtual exceptional divisors are 
This, together with the induction hypothesis, proves parts 3 and 5 of the claim, but it also means that E r is a component of every divisor E D n such that p r (K) = ED i ∩ ED n . By part 6 of the induction hypothesis we know that there can be at most ǫ i (D,D ′ ) + 1 such divisors, including n = k, and for every one of them we have
is not proximate to any p n (D), so 4 has been proved also, and therefore 1. As we see, there are many interesting prime Enriques diagrams D, and for them we know exactly which diagrams are specializations of D. If D is a non-prime diagram, or if we do not know whether it is prime or not, we do not have necessary and sufficient conditions for specialization, but we can still give some information, in the form of a sufficient condition.
Given a map σ : {1, 2, . . . , r} −→ {1, 2, . . . , r} we define the matrix of σ to be Σ = (σ ij ) where Proof. Let K ∈ Cl (D 2 ); we have to see that K ∈ Cl (D 1 ). We shall do it by induction on r − s. For r = s the claim follows immediately from hypothesis 1. For r > s consider the Enriques diagramsD 1 andD 2 and the clusterK obtained by dropping the last vertex of D 1 , D 2 and the last point of K respectively. The induction hypothesis is that
and for every i > s and K ∈ Cl (D 2 ), ED 1 i is irreducible. We shall now fix our attention to the family
To lighten notations a little bit, let T = Cl (D 1 ). SinceK = ψ r−1 (K) (1.5) the induction hypothesis implies K ∈ S T . On the other hand, ψ r−1 is smooth and has irreducible fibers, and T is irreducible, so S T is irreducible. If p r (D 1 ) is a root, then Cl (D 1 ) can be identified with an open subset of S T , and due to the irreducibility of S T we get
The divisors FD 1 i,T are relative divisors over T so every component dominates T (because T is irreducible). Also, for every cluster 
and by hypothesis 2 ED
But ED 
There is no satellite point
Proof. The same as for Proposition 2.21; the divisors ED
can have common components but this has no consequence since there appear no satellite points.
Extension of clusters
Extension is a particular kind of specialization of clusters which was first introduced by Greuel, Lossen and Shustin in [10] , and is basic in their construction of singular curves of low (asimptotically proper) degree. In their approach it is in fact a specialization of zero-dimensional schemes, presented using a specialization of singular curves. They give also a description of extension in terms of a specialization of weighted consistent clusters. As we will shortly see, the specialization of clusters can be justified independently of the weights and with no reference to any particular curve, and by doing so, slightly generalized.
Let D be an unordered Enriques diagram with r vertices, q ∈ V (D) one of its free vertices, proximate to its predecessorq only. The extension of D at q is the Enriques diagram D(q) which has:
• The same vertices as D, plus a new free vertex q ′ inserted betweenq and q. That is, the predecessor of q ′ isq and the predecessor of q is q ′ .
•
• All proximities p ≺ p ′ , p =q, q ′ remain unchanged.
We consider also the Enriques diagram D • which has the same vertices and proximities as D plus one root. The specialization introduced in [10] (in which all vertices preceding q are assumed free) gives a flat family of zero-dimensional schemes, whose general member is the scheme of a cluster whose Enriques diagram is D • and has a special member which is the scheme of a cluster whose Enriques diagram is D(q). 
Enriques diagrams do not stratify X r−1
In this section we prove that the subvarieties Cl (D) do not constitute a stratification on X r−1 , because it is not true that
To prove it, we shall show an explicit example of two diagrams D 1 and
Consider the Enriques diagrams with seven points of figure 5 . It is clear, after example 2.14, that D 1 is not prime, so Eff (D 1 ) has at least two components. Moreover, it is also clear that 2 ) in this neighbourhood is x 2 = 0. After each blowing up, there is an affine neigbourhood of p i (K) in which we have coordinates and can keep track of the equations of the subvarieties we are interested in. The iterated blowing-up process continues until we reach p 7 (K). We summarize the process in the table 3, denoting by F i (D) the effective divisor on S Eff (D) which is the restriction of F D i . It is worth noting that Cl (D 5 1 ) is singular. This fact seems to be related to the presence of non reduced virtual exceptional divisors (see example 2.14).
Once we get the equations in In particular we see that K (which has all its coordinates equal to zero) belongs to this variety, so we have K ∈ Cl (D 2 ) ∩ Cl (D 1 ), as claimed above. If we now intersect the closures of Cl (D 1 ) and Cl (D 2 ) the result is
, y 4 , y 5 + x 6 y 6 , x 4 x 6 y 2 6 (x 4 + y 6 )(y 6 + x 6 y 7 )) .
This intersection has five components going through K, one of them double, which correspond to the five factors of the last generator of I V (Cl (D 1 ). The first three components can be identified as the varieties of some Enriques diagram because table 3 shows that the vanishing of x 4 , x 6 and y 6 can be interpreted as proximity relations satisfied by points of the clusters. Explicitly, these subvarieties are Eff (D x4 ), Eff (D x6 ), and Eff (D y6 ). The other two components intersect Cl (D 2 ) nontrivially. The component corresponding to the factor x 4 + x 6 contains clusters whose Enriques diagram is D 2 ; the equation can be interpreted as imposing to the fourth and sixth points (which lie onẼ 3 ) a special position with respect to the two satellite points which also lie oñ E 3 . The last component dominates Cl (D 2 ) ∩ V 6 and contains clusters whose Enriques diagram is D 2 also. Indeed, the coordinates in V 6 of a clusterK ′ ∈ Cl (D 2 ) ∩ V 6 have x 6 , y 6 = 0, so choosing p r (K ′ ) ∈ SK with coordinates x 7 = 0, y 7 = y 6 /x 6 we obtain a cluster in Cl (D 1 ) whose Enriques diagram is D 2 .
A functorial approach
The iterated blowing-ups X r can be studied from a functorial point of view following the ideas of Harbourne in [12] . Let S as before be a fixed smooth projective surface. The objects of interest are now the surfaces obtained by blowing up r proper or infinitely near points on S, that is, the surfaces S K where K has r points. One looks for a moduli space for those surfaces, that is, a parametrization with one point for each
isomorphism class. Unfortunately, such a space does not exist, but there is a natural parametrization of these varieties which has many of the functorial properties a moduli space would have, and moreover it contains information on automorphisms and jumping of structure which a genuine moduli space would not have. This parametrization is given by ψ r : X r → X r−1 . In this section we shall obtain some consequences of 2.2 and 2.4 by looking at the functorial properties of X r and its subvarieties. Let F r be the contravariant functor from the category Sch of schemes of finite type over k to the category Sets, where for any such scheme T , F r (T ) is the set of families of surfaces S K parametrized by T , i.e., the set of T -isomorphism classes of schemes proper and smooth over T whose fibres at closed points are surfaces obtained by blowing up S at r points. We consider also the contravariant functor B r from Sch to Sets of ordered blowing-ups of r points of S. An ordered blowing-up of r T -points of S is a sequence of morphisms of T -schemes π i : Y i → Y i−1 where Y 0 = S × T . Then B r (T ) is defined to be the set of ordered blowing-ups of r T -points of S. Remark that given an ordered blowing-up of r T -points of S for each closed t ∈ T the fiber (Y r ) t is a surface S K where K is a well defined ordered cluster determined by the order of the blowing-ups. We will denote this cluster K(t).
Following [12] , we say that a family ψ : S → T together with a couple of morphisms s, t : I → T solves the moduli problem for the functor F, provided that the following conditions hold:
• The family ψ is versal and any family locally for theétale topology comes from it; i.e., if (X → Y ) ∈ F(Y ) for some scheme Y , then each point y of Y has ań etale neighborhood V and a morphism V → T such that X V → V comes from ψ by base change V → T .
• The scheme I represents the functor Isom where for any shcheme U and morphisms f i : U → T , i = 1, 2, Isom(U ) is the set of U -isomorphisms from f * 1 (ψ) to f * 2 (ψ). Each closed point i of I corresponds to an isomorphism between two surfaces of the family S → T , namely the ones parametrized by s(i) (source) and t(i) (target).
Harbourne proved ( [12, I.2] ) that the variety X r−1 represents the functor B r , the universal family being ψ r : X r → X r−1 . The information of which fibres of ψ r are isomorphic can be organized functorially by the functor Isom r , which is representable by a scheme I r locally of finite type over X r−1 × X r−1 . I r comes equipped with source and target morphisms s, t : I r → X r−1 . In the case S = P 2 , ψ r : X r → X r−1 together with s and t solve the moduli problem for F r in the sense explained above (cf. [12, II, III] ). We shall now extend a little this knowledge by relating Harbourne's results to Enriques diagrams. 
For every t
′ ∈ U , the ordered cluster
3. If P t and P are the proximity matrices of D t and D U then P −1 t P has no negative entries.
Proof. The first part of the claim is an immediate consequence of the fact that ψ r : X r → X r−1 together with s and t solve the moduli problem for F r as explained above. It is not restrictive to assume that theétale neighborhood V is irreducible; then, applying that for each ordered Enriques It is worth noting that the fact that the varieties Cl (D) do not form a stratification of X r−1 (see 3) has consequences in this context. Indeed, although under the conditions of Proposition 4.1 we can prove that P −1 t P has no negative entries, it is not necessarily true that D D t .
Fixing the position of points
We consider next other relations between points of clusters (not proximity relations) which determine closed subvarieties of X r−1 . Sometimes one may be interested in clusters supported at a single given point, or whose points lie completely or partially on a given curve. If S = P 2 , one may want to impose that some points of the cluster are aligned (not specifying on which straight line) or on a curve of a given degree; on an arbitrary surface we would ask the points to lie in some unspecified effective divisor of a given divisor class. All this types of conditions determine closed subvarieties of X r−1 , and therefore of Eff (D), Cl (D) and Cl (D).
Let K 0 ∈ X s−1 be a (fixed) cluster of s ≤ r points, and ι : {1, 2, . . . , s} → {1, 2, . . . , r} an injection preserving order. We are interested in the subset Cl (ιK 0 ) of X r−1 containing the clusters K with p ι(i) (K) = p i (K 0 ), i = 1, 2, . . . , s. 
The r-th neighbourhood of a point
One especially interesting set of clusters with fixed points and proximities is that containing all unibranched clusters of r points whose only root is a given point p. We call it Y r−1 (p) ⊂ X r−1 or simply Y r . There is an obvious bijection between Y r (p) and the set of all points in the r-th neighbourhood of p, given by mapping K to its last point p r (K). Recall that for unibranched clusters there is just one admissible ordering, so there is no need to distinguish between ordered and unordered unibranched clusters. We are now going to see that Y r−1 (p) is a smooth projective variety, and it is not difficult to see that given two points p, p ′ , even from different surfaces, the varieties Y r−1 (p) and Y r−1 (p ′ ) are isomorphic. So we may call Y r−1 simply the r-th neighbourhood of a point on a smooth surface. These varieties and their immersions in P N were a classical object of study (see [27] ). For example J. G. Semple proved that the variety of points of the second neighbourhood of a point (i.e., Y 1 ) is a surface isomorphic to a quintic scroll in P 6 . The geometry of these varieties is relevant in the analytic classification of curve singularities (see [23] ). In chapter [26] a closer study was made of the subvarieties of Y r corresponding to some Enriques diagrams and their relation to the Hilbert scheme of points of S. and Y r+1 is the exceptional divisor of the blowing-up family (because of 2.5). Now all claims follow from the induction hypothesis.
Points on given curves
Let now D be a divisor on S and L ⊂ |D| a linear system of curves on S. Let m = (m 1 , m 2 , . . . , m r ) be a system of multiplicities. We are interested in the subset Eff (L, m) of X r−1 containing the clusters K such that there is a curve C ∈ L going through (K, m). Proof. From [20, 4] we know that the incidence variety V = {(K, C) ∈ X r−1 × L | C goes through (K, m)} is closed in X r−1 ×L. Then the claim is immediate since Eff (L, m) is just the projection of V on the first factor.
Note that the result of [20] is much more general, because it deals with algebraic families of curves on smooth families of surfaces; we use only a particular case of it, namely when the surface is projective and fixed and the family of curves is linear.
Finally, we consider the set of all clusters in X r−1 which have their points (or some of them) on a given curve C ⊂ S. Let C ⊂ S be a curve, and I ⊂ {1, 2, . . . , r} a set of indices, fixed for the rest of the chapter. Let Cl (C, I) be the set of all clusters K such that p i (K) belongs to C (or its strict transform) for all i in I. To prove Proposition 5.4, we need the following lemma. Let L be the linear system that consists of the single curve C and, for every system of multiplicities m, let Cl (C, m) ⊂ Eff (L, m) be the set of all clusters K such that mult pi(K) (C) = m i for all i. Proof. Let M ⊂ Z r be the following set of systems of multiplicities:
M is finite, because the multiplicity of the points of C is bounded, so the systems of multiplicities m ′ such that Cl (L, m ′ ) = ∅ are a finite set, and this set contains M . We will prove that 
and m ′ ∈ M . We shall be done if we prove that, for every m and S 2 = S K j−1 2 be the surfaces obtained from S blowing up the first j −1 points of K 1 and K 2 respectively. As K 1 ∈ Eff (L, m), clearly the virtual transform C 1 of C in S 1 relative to the system of multiplicities m (which coincides with the strict transform of C, as m i = m ′ i = mult pi(K1) (C) for i < j) has at p j (K 1 ) multiplicity m Now the claim is immediate, after lemma 5.5.
